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Abstract 

We construct the Drinfeld twists (or factorizing U-matrices) of the supersymmetric 
model associated with quantum superalgebra Ug{gl{m\n)), and obtain the completely 
symmetric representations of the creation operators of the model in the U-basis pro¬ 
vided by the U-matrix. As an application of our general results, we present the explicit 
expressions of the Bethe vectors in the U-basis for the Ug{gl{2\l))-inodel (the quantum 
t-J model). 
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1 Introduction 


It was realized in pp that for the XXX or XXZ spin chain systems, there exists a non¬ 
degenerate lower-triangular F-matrix (the Drinfeld twists) [2] in terms of which the i?-matrix 
of the system is factorized: 

Rl2{Ui,U2) = F2i{u2,Ui)Fi2{Ui,U2), ( 1 . 1 ) 

where the i?-matrix acts on the tensor space V with V being a 2-dimensional Uq{gl{2))- 
module. In the basis provided by the A^-site F-matrix, i.e. the so-call F-basis, the entries 
of the monodromy matrices of the models appear in completely symmetric forms. As a 
result the Bethe vectors of the models are dramatically simplihed and can be written down 
explicitly. These results enabled the authors in IHUi to compute form factors, correlation 
functions jH] and spontaneous magnetizations of the systems analytically and explicitly. 

The results of [T] were generalized to other systems. In (0] , the Drinfeld twists associated 
with any hnite-dimensional irreducible representations of Yangian Y[gl{2)] were investigated. 
In [Zj, Albert et al constructed the F-matrix of the rational gl{m) Heisenberg model, obtained 
a polarization free representation of its creation operators and resolved the hierarchy of 
its nested Bethe vectors. In the Drinfeld twists of the elliptic XYZ and Belavin 

models were constructed. Recently we have successfully constructed the Drinfeld twists for 
the rational gl{m\n) supersymmetric model and resolved the hierarchy of its nested Bethe 
vectors in the F-basis unmn. Quantum integrable models associated with Lie superalgebras 
[niniiiii are physically important because they give strongly correlated fermion models 
of superconductivity (e.g. 113 cni). 

In this paper, we extend our results in cnuni to the quantum (or q-deformed) su¬ 
persymmetric model associated the quantum superalgebra Uq{gl{m\n)) (including quantum 
supersymmetric t-J model as a special case). Such a generalization is non-trivial due to the 
following fact. It is well-known that the gl{m\n) rational model has gl{m\n) symmetry which 
enables one to express the creation operators Ci{u) in terms of the element Tm+n,m+n{u) of 
the monodromy matrix T{u) and the generators of gl{m\n) by (anti)commutation relations 
din]. However, the corresponding quantum model is not Uq{gl{m\n)) invariant (unless 
appropriate boundary conditions are imposed). One of the consequences is that the creation 
operators Ci{u) of the quantum model cannot be expressed in terms of Tm+n,m+n{u) and the 
generators of Uq{gl{m\n)) by simple q-(anti)commutation relations. Indeed, it is found in 


2 


this paper that extra quantum correction terms are needed, due to the non-trivial coproduct 
structure of the quantum superalgebra. Having found such a new recursive relation (HOTI) 
and constructed the factorizing F-matrices of the quantum model, we obtain the symmetric 
representations of the creation operators of the monodromy matrix in the F-basis. These 
results make possible a complete resolution of the hierarchy of the nested Bethe vectors of 
the Uq{gl{m\n)) model. As an example, we give the explicit expressions of the Bethe vectors 
of the quantum t — J model associated with Uq{gl{2\l)). 

The present paper is organized as follows. In section 2, we introduce some basic notation 
on the quantum superalgebra Uq{gl{m\n)). In section 3, we derive the recursive relation 
between the elements of the monodromy matrix and the generators of Uq{gl{m\n)). In 
section 4, we construct the F-matrix and its inverse of the Uq{gl{m\n)) model. In section 
5, we obtain the symmetric representations of the creation operators in the F-basis. As an 
application of our general results, the hierarchy of the nested Bethe vectors of the Uq{gl{2\l)) 
model is resolved in section 6. We conclude the paper by offering some discussions in section 
7. Some detailed technical derivations are given in Appendices A-B. 

2 Quantum superalgebra Uq{gl{m\n)) 

Let us £x two non-negative integers n, m such that n + m > 2 and a positive integer 
N {> 2), and a generic complex number rj such that the q-deformation parameter, which 
is defined hy q = e^, is not a root of unity. Let H be a Z 2 -graded (n -|- m)-dimensional 
vector space with the orthonormal basis {|i), i = 1,... ,n -f- m}. The Z 2 -grading is chosen 
as: [1] = ... = [m] = 1, [m -|- 1] = ... = [m -|- n] = 0. 

Definition 1 The quantum superalgebra Uq{gl{m\n)) is a '1^2-gf'aded unital associative super¬ 
algebra generated by the generators F*’*, {i = 1,... ,n-\-m) and (j = ^ri-f- 

m — 1) with the T> 2 -grading [F*’*] = 0, [F-^+^^j = = [jj _|_ y _|_ x] by the relations: 

[F*’», F*'*'] = 0, *' = 1,..., n + m, (2.1) 

= (5-(2.2) 

^ j' = 1,..., n + m - 1, (2.3) 

and the Serre relations: 
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(2.4) 


|£;44+i_bJ'j'+ 1] ^ ^ Q, |j - j'| > 2. 

= 0, j ^ "i, 

(^i+ij')2^i±i+i,i±i _ _j_ g-i^^i+i,j^i±i+ij±i^i+i,i 

= 0, j ^ rn, 

where = (—— (^—i)[i+i]iji+ij+i, Jn addition to the above Serve relations, there 
exist also extra Serve relations m which we omit. 

Here and throughout, we adopt the convention: 

[x, y]= xy - x,y e Ug{gl{m\n)). 

One can easily see that the Z 2 -graded vector space V supplies the fundamental Uq{gl{m\n))- 
module and the generators of Uq{gl{m\n)) are represented in this space by 

7r(E*’*) = = e,+ig, (2.5) 

where eij G End(H) is the elementary matrix with elements = djkSu. 

Uq{gl{m\n)) is a Z 2 -graded triangular Hopf superalgebra endowed with Z 2 -graded algebra 
homomorphisms that are coproduct A: Uq{gl{m\n)) —> Uq{gl{m\n)) ® Uq{gl{m\n)) dehned 
by 

A(E*’*) = 1 ® E*’* + E*’* 0 1, i = l,...,n + m, 

^(^i.i+1) = X ^ + ^jj+i (g, 

= q-hi (g, + ^j+ij ^ 

and CO unit e: Uq{gl{m\n)) —> C dehned by 

= 0, e(l) = 1, 

and a Z 2 -graded algebra antiautomorphism (antipode) S\ Uq{gl{m\n)) —> Uq{gl{m\n)) 
given by 

^(^ij+i) = S{E^^^'^) = -q’^'E^+^’^, S{E^’^) = -E^’\ 


( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 
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Multiplications of tensor products are Z 2 graded: 

{x ® y){x' ® y') = ® yy', 

for homogeneous elements x,y,x',y' G Ug{gl{m\n)) and where [x] G Z 2 denotes the grad¬ 
ing of X. It should be pointed out that the antipode satishes the following equation, for 
homogeneous elements x,y ^ Ug{gl{m\n)), 

Sixy) = 

and generalizes to inhomogeneous elements through linearity. The coproduct, counit and 
antipode satisfy the following relations, \/x G Uq{gl{m\n)) : 

(A ® id)A(a;) = (id ® A)A(a;), (2.9) 

(e ® id)A(a;) = a; = (id ® e)A(a;), 
m{S ® id)A(a;) = m(id ® S)A(x) = €(x), 

where m denote the product of any two elements of [/g(gl(mln)), i.e., m(x ® y) = xy for 
x,y e I7g(gl(mjn)). 

The generators are the simple raising (lowering) generators of Ug{gl{m\n)) 

associated with the simple roots. Thanks to the Serre relations, the other generators asso¬ 
ciated with the non-simple roots (called the non-simple generators) can be uniquely con¬ 
structed through the simple ones by the following relations: 

l<a</3<7<n + m, (2.10) 

^7,« = ^7,/3^T« _ ^{-i)M^/3,a^7,/3^ l<a</3<7<n + m. (2.11) 

The coproduct, counit and antipode of the non-simple generators can be obtained through 
those of the simple ones. Here, we give the coproduct of non-simple generators which will 
be used later. 

Lemma 1 The coproduct of the non-simple generators is 

A(^7,7-«) = 0 ^7,7-« + (g, I 

7 - / > land/ > 2, (2.12) 

i=l 

A(^7,7+«) = I (g ^7,7+; + ^7,7+« (g qT:i-Jgh^+'^ 
l-l 

+ ^(l-g-2(-b'^+'i)^7+i,7+; ^ 7 + / < u + m and/ > 2. (2.13) 

i=l 
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Proof. This lemma can be proved by induction using the coproducts of the simple generators 
(ES1)-(EHD, the dehnitions of the non-simple generators (ITTUD - dmi) and the fact that the 
coproduct is an algebra homomorphism, as well as (EID-Q and the Serre relation (Q. □ 


3 Recursive relation between monodromy matrix ele¬ 
ments and Uq{gl{m\n)) generators 

Let R G End(ld 0 V) be the i?-matrix associated with the fundamental Uq{gl{m\n))-modu\e 
V. The i?-matrix depends on the difference of two spectral parameters ui and U 2 associated 
with two copies of V, and is, in the present grading, given by uniiiiiiiHi 


-^12(^1, M2) — Ri 2 {Ui — U2) 

m m-\-n m-\-n 

C 12 ^ ^ ^ ^ ^ ^ ^ 2,2 ^12 ^ ^ ^ 2,2 ^ 

2=1 2=m-l-l i^j=l 

m-\-n m-\-n 

+ ^r2 X] ® Cj-i 6^2 X] ® Cj-i, (3.1) 

i>j=l i>*=l 


where 


ai2 = a(Mi,M2) 


C 12 = c(mi,M 2 ) 


sinh(ni — U 2 ) 
sinh(Mi — M2 + h)' 
sinh(Mi — U 2 — rj) 
sinh(Mi — M2 + h)' 


= 6^(Mi,M2) 


g±(«l “ 2 )gj]^p^ 

sinh(Mi — U 2 + rj)' 


(3.2) 


(3.3) 


and T] is the so-called crossing parameter. One can easily check that the i?-matrix satishes 
the unitary relation 

R21R12 = 1- (3.4) 

v+i 

/-^ 

Let us introduce the {N -|- l)-fold tensor product space V <^V ■ ■ ■ <^V, whose components 
are labelled by 0,1..., V from the left to the right. As usual, the 0-th space, denoted by Vq 
( Vi for the Tth space), corresponds to the auxiliary space and the other N spaces constitute 

N 

the quantum space H =V (g) V • • • ® V". Moreover, for each factor space Vi, i = 0,... ,N, 
we associate a complex parameter Zi. The parameter associated with the 0-th space is 
usually called the spectral parameter which is set to Zq = u in this paper, and the other 
parameters are called the inhomogeneous parameters. In this paper we always assume that 
all the complex parameters u and = 1,..., V} be generic ones. Hereafter we adopt the 
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standard notation: for any matrix A G End(V^), Aj (or ^(j)) is an embedding operator in 
the tensor product space, which acts as A on the j-th space and as an identity on the other 
factor spaces; Rij = Rij{zi, Zj) is an embedding operator of R-matrix in the tensor product 
space, which acts as an identity on the factor spaces except for the i-th and j-th ones. 

The i?-matrix satishes the graded Yang-Baxter equation (GYBE) 

R 12 R 13 R 23 = R23-Ri3-Ri2- (3.5) 


In terms of the matrix elements dehned by 


the GYBE reads 




R{ui - M2) J R(mi - uz)i'^'R{u2 - 




i\j' 

Besides the GYBE, the i?-matrix satisfies the following relation 


/?i2A(a;) — Vi2Ai.(x)Vi2^ Ri2, (3-6) 

where V 12 is the superpermutation operator, i.e., 'Pi 2 (|*) \j) = (—l)W[-^^|j) G> |i). 

Using the coproduct structure of Ug{gl{m\n)), one can dehne the action of Ug{gl{m\n)) 
on the {N + l)-fold tensor product space. Eor any x G Ug{gl{m\n)), let us denote the action 
of X on the {N + l)-fold tensor product space by (a;)o...Ar: 

{x)o...N = A^^\x) = (id 0 A^^“^^)A(a;). (3.7) 


By a straightforward calculation, one has 


Lemma 2 

N 

* = !,...,n + m, (3.8) 

k=0 

N 

{E^’^+Yo...n = j = l,...,n + m-l, (3.9) 

k=0 

N 

(E^+'’^')o„. 7 v = j = l,...,n + m-l, (3.10) 

k=0 
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where *■5 ^he embedding of eij in the tensor product space, which acts as Cij on the k-th 
space and as identity on the other factor spaces. 

The actions of non-simple generators can be obtained from those of simple ones throngh 
(ITTUl) and (ITTTl) . 

Let iSat+i denote the permntation gronp of the iV-|-1 space labels (0,..., iV). The GYBE 
(EH) and nnitary relation (El of i?-matrix allow one to introdnce the following mapping. 

Definition 2 One can define a mapping from iSat+i to End(Vo (8) H.) which associate in a 
unigue way an element Rq G End(Vo ® Tl) to any element a of the permutation group 
Sn+ 1 - The mapping has the following composition law 

— T'' Ro,,,n ^ -^O...Ar = Ra{0...N) -^O...Ar) '^^5 ^ ^ <Sn+1, (3T1) 

where is the Z 2 -graded permutation operator on the tensor product space, i.e., 'P°'|io)(o) ■ ■ ■\'^n){ 
Ko)(cr(o)) • • • Niv)(o-(Af)) ■ For any elementary permutation aj with aj(0,..., j, j -|- 1,..., iV) = 

{0,..., j + 1, j,..., N), j = 0,..., N, the corresponding R'ff is 

Fo.,,n ~ Fjj+i- (3-12) 

For any element a G Sn+i, the corresponding Rq can be constrncted throngh (ICTl) and 
(HTT^ as follows. Let a be decomposed in a minimal way in terms of elementary permntation 
as (T = ... ap^ where the positive integer p is the length of a. The composition law enables 

one to obtain the expression of the associated Rq j^- The GYBE (jh.5|l and (El gnarantee 
the nniqneness of Rq For the special element cXc of Sn+i, 

o-c = o-qo-i ... (Tat-i, namely, ac(0,1,..., Y) = (1, 2,..., Y, 0), (3.13) 

the associated Rq‘' ^ is given by 

T{u) = To{u) = Top,,,n{u) = at = RonRon-i ■ ■ ■ Roi- (3-14) 

Thns Rff ^ is the qnantnm monodromy matrix T{u) of the Uq{gl{m\n)) spin chain on an 
Y-site lattice. By the GYBE, one may prove that the monodromy matrix satishes the GYBE 


Rmfu - v)To{u)To>{v) = To>{v)Tq{u)Rqqi{u - v). 


( 3 . 15 ) 




Define the transfer matrix t{u) 


t{u) = str^Tiu), 


(3.16) 


where str^ denotes the snpertrace over the anxiliary space. Then the Hamiltonian of onr 
model is given by 


H = 


dlnt{u) 

du 


ki=0‘ 


(3.17) 


This model is integrable thanks to the commutativity of the transfer matrix for different 
parameters, 


[i(ti),t(ti)] = 0, 


(3.18) 


which can be verihed by using the GYBE. 

The fundamental relation (USD and the co-associativity dZHD of the coproduct of Uq{gl{m\n)) 
enable one to prove the following result, using the procedure similar to that in pp for the 
non-super case. 


Proposition 1 The mapping defined in Definition 2 satisfies the following relation 

K...N i.x)o,„N = P'" (a:)o...iv ^o...Ar, Vx e Uq{gl{m\n)), a e ^tv+i. (3.19) 


One may decompose the monodromy matrix T{u) in terms of the basis of End(Vo) as 

n+m n+m 

^('^) ~ (3.20) 

i,j=l i,j=l 


where the matrix elements Tij{u) are operators acting on the quantum space Ti and have 
the Z 2 -grading: [Tjj(-u)] = [cij] = [i] -|- [j]. Similarly, for the quantities dehned in Lemma 2, 
we have the decomposition: 


(^7,i 


0...N 






N 


■^(0) ~ i — 1,..., n -f m. 


k=l 


N 


EJO+l 

k=l 

(W)l...JV I (fpjJ+l 


N ,j 
i=fe+l ™(i) 


-h )i...v, j = 1,..., n -F m - 1, 




N 


(k) 


k=l 


ej+ij -h q (E^+^’^)i...Ar, j = 1,..., n -1- m - 1, 


(3.21) 


(3.22) 


(3.23) 
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where hj = (——(—Without confusion, hereafter we adopt the following 
convention: 


ej,j/ = i,i =l,...,n + m, (3.24) 

= Ho) = j = 1, • • •, + m - 1, (3.25) 

N 

= (E*’*)i,..^ = n + m, (3.26) 

k=l 

H, = j = l,...,n + m-l, (3.27) 

= {E^’^^\...n = Y, j = 1,.. ., n + m - 1, (3.28) 

k=l 

N 

E.+i,,- = = j = l,...,n + m-l, (3.29) 

fc=i 


and similar convention for the non-simple generators. Then the operators {Eij} are the 
operators which act non-trivially on the quantum space Td and trivially (i.e. as an identity) 
on the auxiliary space Vq. From (I3.13|l . we have 



= hj + Hj, j = 1,... ,n + m 

-1, 

(3.30) 

p-c (pJ'4+i)o ^ (p-=)-i 

= q^^ Ejj^i + Cjj+i, j = 1,.. 

., n -f m — 1, 

(3.31) 

p-c (E^+i4)o ^ (P‘^=)-i 

= + Ej+i,j, J = 1, 

..., n -|- m — 1. 

(3.32) 


Using (I3.21|) - (l3.23p . (j3.3U|) - (l3.32|) and Lemma 1, we have 

Proposition 2 

(^_g7,7 ^)q = q e^^ry_l 

1-1 

+ 7 - / > 1 and I > 2, (3.33) 

i=l 

p-.(^7,7-/)o ^(p-.)-i = + E,^,_i 

i-i 

+ 5^(l-g2(-i)'"-*+^') 7 - / > 1 and / > 2, (3.34) 

i=l 

(E^’^+')o,„Ar = E^^^+i + 
i-i 

+ + l <n + m and I > 2, (3.35) 

i=l 

(E'>’^+%,„^ (P"^)-' = + q^k\>.+k 
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l-l 

+ ^^(1—^)e-y, 7 +j 7 + Z <n + m and I > 2, (3.36) 

i=l 

Substituting (jinsD and (Unni) into Proposition 1, we obtain our main result in this section: 

Theorem 1 The matrix elements Tn+m,n+m-i{u) (Z = l,...,n + m — 1) of the monodromy 
matrix can he expressed in terms of Tn+rn,n+m{u) and the generators of Uq{gl{m\n)) by the 
following recursive relation: 

Tn+m,n+m—l 

= 

- I](l - (3.37) 

The proof of this theorem is relegated to Appendix A. 

We call the second term in the R.H.S. of ()3.37j) guantum correction term, which vanishes in 
the rational limit {q —>■ 1). Moreover, such a nontrivial correction term only occurs in the 
higher rank models (i.e., when n + m > 3). In the rational limit: g —1, (j3.37|l reduces to 
the (anti)commutation relations used in [71 E]- For some special values of m and n, the 
associated recursive relations in the present grading become: 

• For the Uq{gl{l\l)) case: 

T 2 ,i{u) = [q ^Ei^ 2 T 2 , 2 iu) — T 2 ^ 2 {u)Ei^ 2 ] q (3.38) 

• For the Uq{gl{2\l)) case which corresponds to the quantum t — J model: 

F3,2(n) = [q~^E2,3T3^3iu) - T3^3{u)E2,3] q~^\ (3.39) 

T3,i{u) = [g-'Ei,3T3,3(n) -T3,3(n)^i,3] 

-{1 - q^)T3,2{u)E3,2q-^T (3.40) 

• For the Uq{gl{2\2)) case which corresponds to the quantum EKS model [TH] : 

Ti^siu) = [g"^^3.4F4,4(“) - F4,4 (m)E3 ,4] q~^\ (3.41) 

T4,2{u) = [q~^E2,AT4^4{u) - T4,4(m)E2,4] 


u) = 

[n + m] 

-^n+m—/,n+m-^ n+m,n+m ) 


- n+m,n+m 


(^U^En+m—l^n+m] Q 


7 'Yhk^l ^n+m — k 
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(3.42) 


-(l-g-2)T4,3(M)^2,3g■"'^ 


Ta,i{u) = [q ^Ei^aTa,a{u) - Ta^a{u)Ei^a\ q 


-H 3 -H 2 -H 1 


-il-q-^)TA,s{u)EA,3q-^^- 

-{l-q^)TA,2{u)EA,2q-^\ 


-H 2 -H 1 


(3.43) 


4 Factorizing F-matrices and their inverses 

In this section, we construct the Drinfeld twists |2] (factorizing F-matrices) on the V-fold 
tensor product space (i.e. the quantum space TO) associated with the quantum superalgebra 
Uq{gl{m\n)). 

4.1 Factorizing F-matrix 

Let Sn be the permutation group associated with the indices (1,..., iV) and Ri jq the iV-site 
i?-matrix associated with a G Sn- Ri...n ^^ts non-trivially on the quantum space 7i and 
trivially (i.e as an identity) on the auxiliary space. 

Definition 3 The F-matrix is an operator in End(7-f) and satisfies the 

following three properties: 

• I. lower-triangularity; 

• II. non-degeneracy; 

• III. factorization, namely, 


R(7{l)...a{N) ('^(t(I) : • • • : ^cr(N) ) R 


Ri...n{zi, ..., Zp^), VcT G (Sat. (4.1) 


■I...N — 


Dehne the V-site F-matrix: 


n+m * N 



CTe<Siv aCT(i)...«CT(iv)=l i=i 


where Pfi is the embedding of the project operator P°‘ in the i-th space with {P°‘)ki = dkiSka- 
The sum X]* ()4.2|1 is over all non-decreasing sequences of the labels ao-(i): 


Q^a(z+1) > if + 1) > O-(i), 

*^cr{z+l) ^ ^cr{i) if 


(4.3) 
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and S{a, a^) is a c-number function of a, and the element Cij of the R-matrix, dehned by 


N 


S{a, a^) = exp ^ (l - (-1)K('=)]) ln(l + c,(fcy(p) 


(4.4) 


/>/c=l 


Proposition 3 The F-matrix Fi j^f given by satisfies the properties I, II, III. 


Proof. The dehnition of Fi jsf fl4.2D and the summation condition ()4.3j) imply that Fi jsf is a 
lower-triangular matrix. Moreover, one can easily check that the F-matrix is non-degenerate 
because all diagonal elements are non-zero. 

We now prove that the F-matrix (03) satishes the property III. Any given permutation 
a G iSat can be decomposed into elementary ones of the group iSat as ct = cxij ... ajj,. By 
(IXTTl) . we have, if the property III holds for any elementary permutation cxj. 


Fa{l...N)Iil,,,N — 

_ p jF'^k-i 

= . . . = Tkipi...Ar)-Ri).(Ar = Fi...N- 


■Rr!. 


N 


For the elementary permutation Uj, we have 


(4.5) 


-^(Ti(l...Af)-RilAr ~ 


N 


{t( 1) ■ • •^CT^(T(iV) j 1 


N 


N 


*(^) N 
ctG<S]v 05(i)...«5(jv) i=l 


N 


where a = ata, and the summation sequences of in now has the form 

Q^cr(j-l-l) ^ ^o-{j) if T 1) ^ 

£>50+1) > aso) if + 1) < ffiff(i). 
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(4.6) 


(4.7) 



Comparing dm) with dm, we find that the only difference between them is the transposition 
CTj factor in the “if’ conditions. For a given a G with a{j) = i and a{k) = z + 1, we now 
examine how the elementary transposition cxj will affect the inequalities dm- If \j - ^1 > 1, 
then cTj does not affect the sequence of at all, that is, the sign of inequality “ > ” or “>” 
between two neighboring root indexes is unchanged with the action of Uj. If |j — A;| = 1, then 
in the summation sequences of when a{j + 1) = z + 1 and a{j) = z, sign “>” changes 
to “ > ”, while when a{j + 1) = z and a{j) = z + 1, “ > ” changes to Thus (I4.d|l and 
dm differ only when equal labels appear. With the help of the relation C 21 C 12 = 1, one 
may prove that in this case the product still equals Fi .jv (see ng for a more 

detailed proof). Thus, we obtain 



(4.8) 


and the factorizing F-matrix Fi jq of Uq{gl{m\n)) is proved to satisfy all three properties. 


□ 


From the expression of the F-matrix, one knows that it has an even grading, i.e.. 


[F’i...Ar] = 0. 


(4.9) 


4.2 Inverse of the F-matrix 

The non-degenerate property of the F-matrix implies that we can find the inverse matrix 
To do so, we first define 



(4.10) 


where the sum Yl** is taken over all possible cxj which satisfies the following non-increasing 
constraints: 


tta(i+i) < a^{i) if + 1) < o-(0, 
^ if u(z -[- 1) ^ cr(z). 


(4.11) 


Proposition 4 The inverse of the F-matrix is given by 



(4.12) 


i<j 
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where 




sinh(^j — Zj) 

sinh(2;i — Zj + rj) 
sinh(2;j — Zi) 

sinh(2:j — Zi + rj) 

1 

—4 sinh^(; 2 j — Zj) cosh^ 7] 
sinh(2j — Zj + T]) sinh(2;j — Zj — rj) 


if ai < aj, 
if Ui = aj = m + 1,... ,n + m, 
if ai = ttj = 1,..., m. 


(4.13) 


Proof We compute the product of Fi j^ and Ff n- Substituting (14.211 and (14.101) into the 
product, we have 


F....FL. = E E E E S{a,a,)S{a',(3a 

uGSn (t'gSn Q(T]^ 

N N 

>^UF:ii'FrNK'~(LN)llF'’( 


■)^(T^(z) 


i=l 


2=1 


E E E E S{a,c,„)S(a',P, 


CTG 5 iv o-'G<Sjv aai-.-aaj^ 


N 


N 


X 


n p«<T(i) per' cr I I pP< 


ha'(i) 
(0 • 


(4.14) 


2=1 


2 = 1 


To evaluate the R.H.S., we examine the matrix element of the i?-matrix 


\“-r(iV)...«.(l) 

' Pa'(N)-"Pa'(l) 


(4.15) 


Note that the sequence {Oo-} is non-decreasing and {/3o-'} is non-increasing. Thus the non¬ 
vanishing condition of the matrix element (h:t^ requires that a^j and /do-/ satisfy 


f^cr'(N) 5 • • • ;/dfT'(l) ^cr{Al) • 


(4.16) 


One can verify [7j that ()4.16j) is fulhlled only if 


a'{N) = a(l),..., a'(l) = a{N). 


Let a be the maximal element of the Sn which reverses the site labels 


(4.17) 


a(l,...,iV) = (iV,...,l). 


(4.18) 
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Then from (gUD, we have 


o' = oo. 


(4.19) 


Substituting (lOHll and (ICTll into dm, we have 


V 




N 

Up: 


■a(i) 

(V...1) ll^a(i) • 
2=1 


(4.20) 

The decomposition of in terms of elementary /^-matrices is unique module the GYBE. 
One reduces from (lom that FF* is a diagonal matrix: 

i<j 

Then (j4.12|) is a simple consequence of the above equation. □ 


5 Monodromy matrix in the F-basis 

In the previous section, we have constructed the F-matrix and its inverse which act on 
the quantum space 7i. The non-degeneracy of the F-matrix means that its column vectors 
also form a complete basis of Ti, which is called the F-basis. In this section, we study the 
generators of Uq{gl{m\n)) and the elements of the monodromy matrix in the F-basis. 

5.1 Uq{gl{m\n)) generators in the F-basis 

The Cartan generators {F*’*} (or {H^) and the simple generators {F-^4+ij^ of 

Uq{gl{m\n)) are realized on H by {Fj^j} (or {Hj}), {Ejj+i} and {Fj+ij}, respectively, as 
The other non-simple generators {F®4} can be obtained from the simple ones 
by ()2.10|) and dnn), and denote their realizations on Ti. by {Fjj}. Introduce the generators 
in the F-basis: 

Eij = Fi...ArFijF"^, i,j = l,...,n + m. (5.1) 

Theorem 2 In the F-basis the Cartan and the simple generators of Uq{gl{m\n)) are given 
by 

N 

Ei,i = Ei^i = ^ i = 1,..., n -F m, (5.2) 

k=l 
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N 

^ 3 , 3+1 = ^ 7 ), j = 1,..., n + m - 1, (5.3) 

k=l 

N 

^ 3 + 1,3 = Y1 7 ), j = l,...,n + m-l. (5.4) 

k=l 


Here the diagonal matrices Gjj1l^^{i,j) are: 


• For 1 < 7 + 1 < m, 


(Gsr't'-J))'"' 


dki 


dki 


2e ^ cosh 7 , 

fc = 7 , 


{2aij cosh 7 )“^ e^. 

fc = 7 + 1 , 

(5.5) 

1 , 

otherwise. 


2e~'^ cosh 7 , 

fc = 7 + 1 , 


{2aji cosh 7 )“^ e^, 

/c = 7 , 

(5.6) 

1 , 

otherwise. 



• For 7 = m, 


(G57'(i.j))H 


dki 


2e ^ cosh 7 , A: = 7 , 

e”’', A; = 7 + 1, 

1 , otherwise, 


dki 


{2ajiCosh.ri) ^e^, 

1 , 


/c = 7 , 

/c = 7 + 1 , 

otherwise, 


(5.7) 


(5.8) 


• For l + m<'y<n + m, 

(G37‘(i.i))M 


dki 


dki 


(aij) ^ e^, k = 7 , 
e~^, A: = 7 + 1, 

1 , otherwise, 

{aji)~^e~^, k = 'j + l, 
/c = 7 , 

1 , otherwise. 


(5.9) 


(5.10) 


Proof. Using (II2ED-(II2nD, Proposition 1 and the composition law of R-matrices (nm), 
one can prove the Theorem. Here, without losing the generality, we give the proof for the 
generator Ei ^2 as an example. 

/^From the expressions of Fi,,,Ar and its inverse, we have 

jjt 

Ei.2 = E Z E S(a,a,)S(a:p„.) 

(T,(t'&Sn “CT(l)-"“a(JV) ha'(l)—da'(N) 
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N 


N 


X 




i=l 


i=l 


i<3 


^ ^ ^ S{a,a„)S{a\(3af) 

0-,(T'e5jv a^(l)...acr(iV) f^a'(l)---Pr 7 '(N) 

N N 

X n .n n 


(5.11) 


i=l 


N 


2=1 

** 


i<j 


Y1 S{a,a^)S{a',p„,) 

(t,(t'&Sn k=l a^(i)...Q^(jv) 

N 


p“o-(l) 1 / p^o-)!) —1^2 

a'(l) ' ' ' V cr{l)=k 


pCio-(JV) pa-' 

• • • CT(Ar) -^cr'(i...Ar) 


(5-12) 


where in fimi) we have used (ITim and I stands for indices between 1 and N such that 
ct(/) = k. Here and below, 1 —>• 2 in (15 .121) means that aa{i) = 1 is replaced by aa{i) = 2 in 
the site a{l) = k. The element of R^, (i1n) between 

^a-'ni .1 ,1 

as 


p“o-(l) 1 I p"<T(i) 1—12 

■*( 7 ( 1 ) * * * \.'^a{l)=k 


• • • Kw and is denoted 



( 1 ... 7 V) 


(t(JV) o-(l) = fe <t(1) 
°‘cr(N)-" 1^2 ... 1 

f^cT'(N)---PcT'(l) 


(5.13) 


We call the sequence {aa(z)} normal if it is arranged according to the rules in (14.511 . otherwise, 

we call it abnormal. 

It is now convenient for us to discuss the non-vanishing condition of the P-matrix element 
(|5.13p . Comparing (15.131) with (jUISl), we hnd that the difference between them lies in the 
fcth site. Because the group label in the fcth space has been changed, the sequence {a„} is 
now a abnormal sequence. However, it can be permuted to the normal sequence by some 
permutation dfc. Namely, 01^2 in the abnormal sequence can be moved to a suitable position 
by using the permutation according to rules in (14.3|) . (It is easy to verify that dfc is unique 
by using (031).) Thus, by procedure similar to that in the previous section, we find that when 


CT 0‘f^(T(T and Pcr^(^N) Q^cr(l): • • • 7 Pa^{l) 


(5.14) 


the P-matrix element is non-vanishing. 

Because the non-zero condition of the elementary P-matrix element PP is i -T j 
the following P-matrix elements 



{1...N)) 


a(N) <T(l) = k trip) ct(1) 

“(t(JV)-" 1 ... 1 —> 2 ... 1 

Pa'(N)-"0a'{l) 


(5.15) 
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with 1 < p < / are also non-vanishing. 
Therefore, becomes 


N 


Ei^2 — EE E S{(J^ G.S{jjj^d^ 

k = ^ • .QfTjY 


X 


-^((7(0)^ ■^ry(G 


(t(1) 


a(l)=k 


...P' 


a{N) 


+ 


[a{p))^ rrill ~ 


hi) 


+ 




.«.y(l)=1^2 


^{<^(1))^ ''■‘o'(l) 


^(P) 


p“(T(i) 1 p“CT(iV) 

■ ^ a(l)=k ■ ■ ■ ^ u{N) 


T{l)=k 


-lA-l, 


Af 


*<i 


SC7 o-fe TT p"*fc<7(i) TT A-1 

^ ^afc<7(iv...i) 11 11 ^ij 

i=l i’ 

N 

y~~! -^(fc) 


fc=i 


P’^ct(N) 

^a{N) 


(5.16) 

(5.17) 


where index p runs between 1 and I and dk is the element of Sn which permutes the hrst 
abnormal sequence in the square bracket of (15.161) to normal sequence. Using the similar 
procedure, one can prove the Theorem for other generators. □ 


The non-simple generators (for I > 2) can be obtained through the simple ones by 

(ITTUl) and (imi) . 

Some remarks are in order. dSH implies that 

Hj = Hp j = l,...,iV, (5.18) 


which will be used frequently. In the rational limit: 77 ^ 0 (or g ^ 1), our results reduce to 
those in m and those in [Zj for the special case m = 0 . 


5.2 Creation operators in the F-basis 

Among the matrix elements of the mondromy matrix Tij{u), the operators Tn+rn,n+m-iiu) 
{I = 1,... ,n + m — 1) are called creation operators j3] and are usually denoted by 

En+m—l{p) PYi+m,n+m—l{p) 1 ^ 1, . . . , Ti -)- 771 1. (5.19) 

In the P-basis, they become 

En+m—l (ll) El ]\[Cn+m—I i.E)E^ , / 1, . . . , 77 -|- 777 1. (5.20) 
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Let us denote Tn+rn,n+m{u) by D{u) and the corresponding operator in the F-basis by 

b{u) = Fi,„nD{u)F^]j^. (5.21) 

Proposition 5 D{u) is a diagonal matrix given by 

b{u) = ®i=idiag{aoi,.. .,aoi, 1)^^) • (5.22) 

Proof. From (h™ . we derive that 

F(n)Po"+”^ = Tn+n,,n+Uu)en+m,n+m = Po"^"^0,l...iv(M)Fo"^”^- (5-23) 

Acting the F-matrix from the left on the both sides of the above equation, we have 

* N 

cre<S]V ao-(l)---“<T(iV) *=1 

* N 

crG<S]V «o-(l)---“<T(iV) *=1 

(5.24) 

Following [Z|, we can split the sum according to the number of occurrences of the index 
m + n. 

N * N 

cre5iv fc=0 o^(i)...a^(jv) j=N-k+l 

N-k 

^ n (5.26) 

i=i 

Consider the prefactor of Rf We have 


N-k 

N 


1 1 

11 



i=i 

j=N—k-\-l 


N-k 

N 

N 

_ 1 1 p"ct(j) 

“ 11 Mi) 


n pTiT 

i=i 

j=N-k+l j= 

=N-k+l 

N-k 

N 


~ 11 Mi) 

Fr+”r„,,,i...„_*|(«)F„”'+” n Cfat” 


i=i 

j=N—k-\-l 


N-k 

N-k N 


~ n 

1 r 1 r pm+n pn+m 

®)/m+na^(i) 11 ^(j) H ^0) 0 


i=l 

j=l j=Af—fc+1 


N-k 

V-fc N 


®0(T(i) 

I 1 p°‘^U) 1 1 pm+n pn+m 

II Mi) 11 ^^(i) ^0 ’ 

(5.26) 


i=l j=l j=N—k+l 
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(5.27) 


where aoi = a{u,Zi). Substituting (Ik:^ into ()5.25|) . we have 

Fi,„nD{u) = (gj^idiag {aoi,aoi, l)(j) Fi,„n- 

This completes the proof of the proposition. □ 

By means of the expressions of the generators of Uq{gl{m\n)) in the previous subsection, 
combining with the Theorem 1 and Proposition 5, we have 

Theorem 3 In the F-basis the creation operators Cn+rn-i{u) (/ = !,... ,n + m —1) are given 
by 

Cn+m-l{u) = - D{u)En+m-l,n+m) 

a=l 

For some special values of m and n, we have: 

• For m = 0 and n = 2 (namely, the Uq{gl{2) case), our general results reduce to those 

in p. 

• For the Uq{gl{2\l)) case. 


C 2 iu) = [q E2,3 D{u) - D{u)E 2,3) q 


,-H2 


N 


e ^dsinhr] ^2,3 
sinh(M — Zi + g) 


®jyidiag 


sinh(M — Zj) 2 sinh(M — Zj) coshr; 


sinh(M — 2 ;^ + 77 ) ’ sinh(M — 2 ;^ + 77 ) ’ y 

'2 sinh(M — Zj) cosh 77 


N 


E g (n 

—T———B,;, diag 


^ sinh(M — Zi + g) 

sinh(n — Zj) sinh(.^j — Zj + g) 
sinh( 2 :j — Zj) sinh(n — Zj + g) 


sinh(M — Zj + 77 ) 


,1 


b) 


N 


E 


^zj u _ 2 ;.) sinm ? 7 [e^-’' + 2 sinh( 2 ;j — Zj)] ^1^2 

sinh(n — + 77 ) sinh(n — + 77 ) sinh( 2 ;j — 2 ;^) 


(5.29) 


^2,3 

^U) 
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(5.30) 


6 Bethe vectors in the F-basis 


The explicit expressions of the creation operators of the Uq{gl{m\n)) monodromy matrix in 


the F-basis, given in previous section, enable us to resolve the hierarchy of the nested Bethe 
vectors of the model associated with Uq{gl{m\n)). Here, we take the quantum t — J model 
(i.e. the [/g(5'Z(2|l))-model) as an example to demonstrate the procedure. The generalization 
to the general Uq{gl{m\n)) case is straightforward. 

In the framework of the standard algebraic Bethe ansatz method PI. the Bethe vector 
of the quantum supersymmetric t-J model is given by 



( 6 . 1 ) 




where a is a positive integer and dj = 1,2, \vac) is the pseudo-vacuum state 



( 6 . 2 ) 


and (fla are functions of the spectral parameters vj, and are the vector components 

of the nested Bethe vector The nested Bethe vector is given by 


fid) = 


(6.3) 


where /3 is a positive integer and |nac)d) is the nested pseudo-vacuum state 


vac)^^'> = 



(6.4) 


The creation operator of the nested Uq{gl{2)) system is the lower-triangular entry of 

the nested monodromy matrix Td)(y(i)) 


Td)(y(b) = -Vl) 



(6.5) 
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and the nested i?-niatrix is 


^ 12 (^ 1 , M 2 ) = ’^i 2 (mi - M 2 ) = 


/ 

C12 

0 

0 

0 \ 


0 

^12 

-&+2 

0 


0 

~^12 

fll2 

0 

V 

0 

0 

0 

C12 / 


( 6 . 6 ) 


fj6.5|) implies that the nested system is a Uq{gl{2)) spin chain on a-site lattice and the 
corresponding inhomogeneous parameters are {vi\i = So, in the following, we 

shall adopt the same convention for the the nested system as that in previous sections but 
the inhomogeneous parameters will be replaced by {Mj}. 

Acting the associated F-matrix on the pseudo-vacuum state (El, one hnds that the 
pseudo-vacuum state is invariant. It is due to the fact that only terms with roots equal to 
3 will produce non-zero results. Therefore, the Uq{gl{2\l)) Bethe vector (16.11) in the F-basis 
can be written as 


VLn{vi, . . . ,Va) = . . . ,Vo) 

= 5^ (^«^)''''"'^“C'rfi(Mi)---C'djM„)|nac). (6.7) 

p... d{-\ 

The c-number coefficient has to be evaluated in the original basis, not in the 

F-basis. 


6.1 Nested Bethe vectors in the F-basis 

Let us hrst compute the nested Bethe vectors in the F-basis. For the nested F-matrix ()6.6|) . 
we dehne the a-site F and F*-matrices by 


FL = E 

E 

nF‘A'‘>(c,a,a,)rL„, 

(6.8) 

O'^Sa 


3=^ 



2 ** 

OL 


= E 

E 


(6.9) 


(J<ESaOL„(iy..a„(^)=l j = l 


respectively, where the c-number function is given by 

a. 

a, a„) = exp{ ^ ln(l + c^(k)a(i))}- (6.10) 

/>/c=l 

Therefore the inverse of the F-matrix can be represented in terms of the F*-matrix as 

(FL)-' = F‘in(4‘T‘. ( 6 . 11 ) 

i<j 
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with 


^(1) _ digg ( ^ ~ ^ ^ _ sin(t;j - Vj) 

\sinh(uj — Vj + rj) sinh(t;j — Vj — rj) ’ sinh(uj — Vi + rj)' 

sinh(uj — Vj) 4 sinh^(t>j — Vj) cosh^ r] 

sinh(i;i — Vj + rj) ’ sinh(wj — Vj + rj) sinh(i;j — vj — rf) 


With the help of the F-matrix (EHD and its inverse, one may compute the a-site Uq{gl{2)) 
generator Fi 2 in the F-basis, 


s.,2 = E 


2 = 1 


sinh(vi - Vj + g) \ 

. •i9j^i 1 2e 'cosh 77 , . -^- — 

' 2 sinh^Uj — Vj) cosh g J 


( 6 . 12 ) 


Dehne D^^\u) = From Proposition 5, we obtain 


£>“>(«) = 


sinh(M — Vi) sinh(M — Vi — rj) 


(6.13) 


sinh(M — Uj + 77 ) ’ sinh(M — Uj + 77 ) y 

The creation operator in the F-basis is then obtained with the help of the nested F-matrix 
(|6.6p and Theorem 3 in the case of tti = 2 and 77 = 0, and is given by 


&^\u) = (gFi, 2 ^( 77 ) - F(77)Fi,2)g-^^ 

sinhT] ^^ 2 /2sinh(M — Uj) coshT^ 
sinh(M — Vi + rj) \ sinh(M — Vj + rj) ’ 


sinh(7;j — Vj + rj) sinh(77 — Vj — rj) \ 
2sinh(7;j — Vj) sinh(77 — Vj + rj) cosh 77 / 


(6.14) 


Applying to the nested Bethe vector hi i'’ (Q, we obtain 


( 1 ) 


si«(<'.....gy ^ ffysi'‘i(<'.....gy 


where we have used = nj<j (1 + Cjjllnac)^) = s(c)| vac)^^K 

Substituting C'F)(y) into (I6.15|l . we obtain 

= s(c)C'^F(^y(b) _ _ _ C^^\v^g^) Inac)^) 


(6.15) 


-'P 

^ (c) , • • •, Vn 1 • • • W*/3) J I vac) F) , 

*!<...<7/3 


(6.16) 
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where 


\ ... ,vp) 

f3 

En 


(i)i 


e sinh ?7 


aeS0k=i\ smh{vy - v^^k) + V), 

sinh(t><:r{fc) - Vj + 7]) sinh(r;^^^ - vj - rj) 


X 


n 


2 sinh(v<,(fc) - Vj) sinh( 4 ^^ - Vj + 77 ) cosh 77 
2 cosh T] sinh( 7 ;^^^ - v„(r)) 

^ 11 „:„u7,.{i) • 


i=k+i sinh(4 - v„ii) + 7 /) 


(6.17) 


6.2 Bethe vectors of the quantum supersymmetric t-J model in 
the F-has is 

Now back to the Bethe vector (inizi) of the quantum supersymmetric t-J model. As is shown 
in Appendix B, the Bethe vector is invariant (module overall factor) under the exchange of 
arbitrary spectral parameters: 


(^(t(1) 5 • • • ) ^cr(o) ) ^ (Ui , . . . , Uq,) , (T G iSq, , 


-'I...O' 


where „ has the decomposition law 


Fi ^ C, 


1...0 ^ cf '{!... 0 )^ 1 ... o ^ 


(6.18) 


(6.19) 


and Cii ^ = Ci j+i = c( 7 ;j,Uj+i) for an elementary permutation cXi. 

This result is a generalization of that in pnil 21 j . This invariance enables us to concentrate 
on a particularly simple term in the sum (EH) of the following form with pi number of dj = 1 
and CK — Pi number of dj = 2 


Fi(7;i) . . .C'i(7;pJF2(Upi+l) . ..C2{Va). 


( 6 . 20 ) 


In the F-basis, the commutation relation between Ciiy) and Fj(m), i.e. (IB.411 . becomes 


Cr{v)C,{u) = 


^ -C,{u)C,{v)+^-^j^C,{v)Ci{u) 


a{u,v) a{u,v) 

Then using E2I1), all Fi’s in () 6 . 2 ()jl can be moved to the right of all F 2 ’s, yielding 

Fi(ui) . . . Ci{Vp^)C2{Vp^+l) . . . C2{Va) = 

= g{vi, . . . ,Va)C 2 {Vp^+l) ■ ■ ■C 2 {Va)Cl{Vi) . . .Ci{Vp^) + . . . , 


( 6 . 21 ) 


( 6 . 22 ) 
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where giyi,... ,Va) = IlfcLi is the contribution from the hrst term of 

(1^:^ and stands for other terms contributed by the second term of It is easy 

to see that these other terms have the form 


C*2('i^(T(pi+l)) • • • C'2('i^cr(a))i^l(^(T(l)) • • • (^ct(pi)) ) 


with a E Sa- Substituting (lf).22|l into the Bethe vector (EH), we obtain 



Pi 


’0. n A—i 

X C2(Vp,+i) . ..C2(Va)Cl(Vi) . ..Ci(Vp,)j vac) + ... , 


(6.23) 


(6.24) 


where and below, we use the up-index pi to denote the Bethe vector corresponding to the 
quantum number pi. All other terms in (I6.24j) (denoted as “... ”) are to be obtained from 
the hrst term by the permutation (exchange) symmetry. Then we have, 


...,Va) = 

1 


Pi Q; 


Pi\{a -pi)! 




crGSa 


k=l /=pi + l 




X C 2 (v^(p,+ 1 )) ... C 2 (v^(a))Ci(v^(i)) ... Ci(va(pi)) \vac) , (6.25) 

where = (j^^a))ii...i 2...2 dehned by (jEH) in the Appendix B. 

We now show that (fl^ in ()6.25j) . which has to be evaluated in the original basis, 

is invariant (module an overall factor) under the action of the Uq{gl{2)) F-matrix, i.e. 




(6.26) 


where the scalar factor t{c) is 

pi a 

tic)= Ylil + Cij) JJ (l + Cij), Cij = c{vi,Vj), (6.27) 

j>i=l j>i=pi+l 

SO that it can be expressed in the form of ()6.16|) . 

Write the nested pseudo-vacuum vector in (El as 

|nac)W = |2---2)W, (6.28) 

where the number of 2 is a. Then the nested Bethe vector fj6.15j) can be rewritten as 

= E (iii")''*'■'"I*.(6.29) 

• • • cify 
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Acting the Uq{gl{2)) F-matrix from left on the above eqnation, we have 

...<*) = = AtlsiL't = E ■ ■ ■ <*»)“’■ 

111 ci/y 

It follows that 

(jja))i...i2...2 ^ {l,,,12...2|Sj<;>) = {1...12...2|F,EV™> 

= {1...12...2I E E 

a-£Sa ( 1 ^( 1 )...( 1 ^( 0 ) j = l 


= {1,,,12...2| E IIAofl SW(c,a,a,)|nW> 


(6.30) 


(6.31) 


^cr(l)-"^cr(Q:) 3 — 1 


<7=id 


= i(c)(1...12...2|fi«)=«(c)(fiW)‘ 

where the scalar factor f(c) is given by (lb.27|l . 

Snmmarizing, we propose the following form of the Uq{gl{2\l)) Bethe vector 


(6.32) 

(6.33) 


...,Va) = 

1 


Pi a 


Pil{a-Pi} 


«n n 


0-£Sa 


i=l j=pj^ + l 


2 sinh(n^(i) - coshr; 
sinh(n^(i) - v^(j) + g) 


xFW(nf\ ... ■ ■ ■ iMpi)) 

Pi OL 


X 


n n 




C^2(’^f7(pi+1)) • • • C2{V(j(oi)) 


k=l /=pi+l 

X Ci{v^{i ))... Ci{v^(^p^)) \vac ). 

Substituting and (Oni) into the above relation, we hnally have 

Proposition 6 The nested Bethe vector of the quantum t — J model is given by 


(6.34) 


1 


pi!(a -pi)\ 




Pl 


X 




(6.35) 


i=pi+i j=i 
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where ?' 2 : • • • : ^ ^pi+27 • • • : ^q} ^ dfld 


Ba,pAvi, • • • , Wa; 'yf \ ■ • • , ■ • • , ZiJ = 

" 2sinh(u^(i) - u^Q)) cosh?7 


n 


aeSa i=l j=pi+l 

pi a 

xn n 

k=l l=pi+l 


sinh(i;^(i) - + r]) 

smh{va{i) - Zi^) smh{va{i) - v„(^k) + v) 


sinh(v<^(;) - v„(k)) smh{v^(^i) - Zi^ + r]) 


('^o-(pi+l); • • • , 't^o-(o) ; • • • , Zi^) 

("^l ■) ■ ■ ■ 1 l'^o-(l); • • • ) '^cr(pi))Bp^ ('^(t(I) ) ■ ■ ■ 5 '^u(p\) | ) ■ ■ ■ ) Zi^^ ). 


(6.36) 


Here the function B*{vi,... ,Vp\zi,..., Zp) is given 


Bp{vi,... ,Vp\zi,... ,Zp) = 


J2 stgn{a) n - 


^ e sinhr] 2 sinh(t;fc — ^o-(z)) cosh ?7 


n 


T^Sp 


sinh(vA. - z^(^k) + V) sinh(i;fc - z^g) + r]) 


(6.37) 


7 Discussions 

We have constructed the factorizing F-matrices for the supersymmetric model associated 
with quantum superalgebra Uq{gl{m\n)) with generic m and n, which includes the quantum 
supersymmetric t-J model as a special case. We have obtained the completely symmetric 
representations for the creation operators of the model in the F-basis. Our results make 
possible a complete resolution of the hierarchy of its nested Bethe vectors. As an example, 
we have given the explicit expressions of the Bethe vectors of the quantum t — J model in 
F-basis. Our results are new even for the special m = 0 case, which give the results of the 
general model associated with Uq{gl{n)). (For m = 0 and n = 2, our results reduce to those 
in p.) 

Authors in |22I solved the quantum inverse problem of the supersymmetric t-J model 
in the original basis. Namely, they reconstructed the local operators (F^^^^) in terms of op¬ 
erators hguring in the 5'/(2|l) monodromy matrix. Their results should be generalizable to 
the Uq{gl{2\l)) case. Then together with the results of the present paper in the F-basis one 
should be able to get the exact representations of form factors and correlation functions of 






the quantum supersymmetric t-J model. These are under investigation and results will be 
reported elsewhere. 
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Appendix A: Proof of Theorem [T] 

Proposition 2 allows one to derive the following equations: 


/ T7<n+m—Ln+m\ 

Jo, 

1-1 


+ 5^(l-g 


0 ... 



= 1,..., n + m — 1, 


(A.l) 





1-1 



Z = 1,..., n + m — 1. 


(A.2) 


Taking x = i,n+m a = Uc and using (Id.ldj) . then (Id.l9|l becomes 





0...N — 


(A.3) 


Substituting (jnUni), (EH) and (jS21) into the above equation, we have, for the L.H.S. of the 
resulting relation. 



i=l 

n+m 



*j=i 

n+m 1—1 



(A.4) 
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Similarly for the R.H.S. of the resulting relation, we obtain 


n+m 

R.H.S. = (_i){[-+—^]+[-+-l+i)(W+b1)gEU 

*j=i 

n+m 

,2^n+m,2 (^) 

i=l 

n+m 1—1 

+ EE(i- ^—2{—!)["+"* “1 ^ ^_ ■j^'^{[n+rn—a] + [i]){[n+rn—a] + [n+rn]+l) 

i=l 0=1 

^ ^n+'m—a,iEn+rn—a,n+mTn+m—a,i{ul (-^•^) 
Comparing the coefficients of the en+m,n+m term on the both sides, we obtain 

_(_l)[’i + "i] p rp t 1 — 

Q -^n+m—l,n+mJ-n+m,n+m[^Uj 

~ Tn+rn,n+rn{'ulEn+rn—l,n+m~^ Tn+m,n+m—l{u^(^^^^ ™+>ti 

+ 5^(1 - (A.6) 

a.=l 

which leads to the recursive relation (HOTIl . 


Appendix B: The exchange symmetry of the Bet he 

vector 

For the Bethe vector ... ,Va) of the quantum supersymmetric t-J model, we dehne 

the exchange operator by 

fa^N{Vi,V 2 , ...,Va)= +( 1 ), ^^o( 2 ), • • -,^^(7(0)), (B.l) 

where a G Sa, and {cXi} are the elementary permutations of Sa- 

We hrst study the exchange symmetry for the elementary exchange operator /o-^ which 
exchanges the parameter Vi and Uj+i. Acting /o-, on the Bethe vector of Ug{gl{2\l)) (lf).7j] . we 
have 


f'^2) ■ ■ ■ 1 ’^a) ■ ■ ■ 1 '^i+1) ■ ■ ■ i '^a') 

rff. .,dot 
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where are the vector components of the nested Bethe vector con¬ 

structed by the nested monodromy matrix 

where the local L-operator is defined by L^l\u,v) = roi{u,v). 

/,From the GYBE fl3.15|l . one can derive the commutation relation between Ci{u) and 
Cj{v), which is given by 

Q{u)C,{v) = (B.4) 

k,l 

Here the braided r-matrix f{u,v) = Vr{u,v), V permutes the tensor product spaces of the 
2-dimensional f/g(5f/(2))-module. Then, by (IB.4fl . ()B.2I1 becomes 

x{f{vi+i,Vi))’'aJi+iCk{vi)Ci{vi+i).. .Cd^{va)\vac). (B.5) 

We now compute the action of on One checks that f-matrix 

satisfies the YBE 


fii+i(ui+i, Vi)Lf\u, Vi+i) 

= Ll^^^{u,Vi+i)L^^\u,Vi)fii+i{vi+i,Vi). 

Therefore, acting f on we have 

= T^'^’(u)fi,+l(Vi+l,V,). 


(B.6) 


(B.7) 


Thus, because 


fii+i{Vi+i,Vi)v2^V2 = Cii+i{Vi+i,Vi)v2 ® V 2 = - V 2 0 ^ 2 , 

Q 2+1 


we obtain 




1 


Q 2+1 





(B.8) 


Changing the indices k,l to respectively, and substituting the above relation into 

dEU, we obtain the exchange symmetric relation of the Bethe vector of Uq{gl{2\l)) 

/^+Ar(Ul,U2, • • • , w) = ^^GAr(ui,U2, • • • Wa), (B.9) 

Q 2+1 
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for the elementary permutation operator cTj. 

It follows that under the action of the exchange operator 

f^QN{Vi,V2,. . . ,Vc,) = (B.IO) 

Cl...a 

where ^ is dehned in flOTHl . 
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